The generalization of (super)integrable Euclidean classical Hamiltonian systems to the twodimensional sphere and the hyperbolic space by preserving their (super)integrability properties is reviewed. The constant Gaussian curvature of the underlying spaces is introduced as an explicit deformation parameter, thus allowing the construction of new integrable Hamiltonians in a unified geometric setting in which the Euclidean systems are obtained in the vanishing curvature limit. In particular, the constant curvature analogue of the generic anisotropic oscillator Hamiltonian is presented, and its superintegrability for commensurate frequencies is shown. As a second example, an integrable version of the Hénon-Heiles system on the sphere and the hyperbolic plane is introduced. Projective Beltrami coordinates are shown to be helpful in this construction, and further applications of this approach are sketched.
Introduction
The aim of this contribution is to review some new recent results related to a seemingly elementary issue in the theory of finite-dimensional integrable systems [1, 2, 3, 4, 5] , whose solution presents quite a number of interesting features. The problem can explicitly be stated as follows.
Let us consider a certain Liouville integrable natural Hamiltonian system for a particle with unit mass moving on the two-dimensional (2D) Euclidean space endowed with the standard bracket {q i , p j } = δ ij in terms of canonical coordinates and momenta, namely
where T is the kinetic energy and V is the potential. The Liouville integrability of this system will be provided by a constant of the motion given by a globally defined function I(p 1 , p 2 , q 1 , q 2 ) such that {H, I} = 0. The proposed problem consists in finding a one-parameter integrable deformation of H of the form H κ = T κ (p 1 , p 2 , q 1 , q 2 ) + V κ (q 1 , q 2 ), κ ∈ R, with integral of the motion given by the smooth and globally defined function I κ (p 1 , p 2 , q 1 , q 2 ) (therefore {H κ , I κ } = 0), and such that the following two conditions hold:
1. The smooth function T κ is the kinetic energy of a particle on a 2D space whose constant curvature is given by the parameter κ, i.e. the 2D sphere S 2 will arise in the case κ > 0 and the hyperbolic plane H 2 when κ < 0.
The
Euclidean system H given by (1) has to be smoothly recovered in the zero-curvature limit κ → 0, namely
If these two conditions are fulfilled, we will say that H κ is an integrable curved version of H on the sphere and the hyperbolic space. We stress that within this framework the Gaussian curvature κ of the space enters as a deformation parameter, and the curved system H κ can be thought of as smooth integrable perturbation of the flat one H in terms of the curvature parameter. Therefore, integrable Hamiltonian systems on S 2 (κ > 0), H 2 (κ < 0) and E 2 (κ = 0) will be simultaneously constructed and analysed.
Moreover, it could happen that the initial Hamiltonian H is not only integrable but superintegrable, i.e. another globally defined and functionally independent integral of the motion K(p 1 , p 2 , q 1 , q 2 ) does exist such that {H, I} = {H, K} = 0, {I, K} = 0.
In that case we could further impose the existence of the curved (and functionally independent) analogue K κ of the second integral such that
If we succeed in finding such second integral fulfilling
we will say that we have obtained a superintegrable curved generalization of the Euclidean superintegrable Hamiltonian H. The explicit curvature-dependent description of S 2 and H 2 is well-known in the literature and can be found, for instance, in [6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28] (see also references therein) where it has been mainly considered in the classification and description of superintegrable systems on these two spaces. In this contribution we will present several recent works in which this geometric framework has been applied for non-superintegrable systems where the lack of additional symmetries forces to make use of a purely integrable perturbation approach. Moreover, this perturbative viewpoint shows that the uniqueness of this construction is not guaranteed, since in general different V κ integrable potentials (and their associated I κ integrals) having the same κ → 0 limit could exist and be found. As an outstanding example of this plurality, we will present the construction of different integrable curved analogues on S 2 (κ > 0) and H 2 (κ < 0) of some anisotropic oscillators.
The second novel technical aspect to be emphasized in the results here presented is that in some cases projective coordinates turn out to be helpful in order to construct the (super)integrable deformations H κ , since when these coordinates are considered on S 2 and H 2 then the curved kinetic energy T κ is expressed as a polynomial in the canonical variables describing the projective phase space. Therefore, some of the examples here presented can be thought of as instances of integrable projective dynamics, in the sense of [29, 30] .
The structure of the paper is the following. In the next Section we review the description of the geodesic dynamics on the sphere and the hyperboloid by making use of the above mentioned curvature-dependent formalism. In particular, ambient space coordinates as well as geodesic parallel and geodesic polar coordinates for S 2 and H 2 will be introduced. In Section 3 the projective dynamics on the sphere and the hyperboloid in terms of Beltrami coordinates will also be summarized, thus providing a complete set of geometric possibilities for the description of dynamical systems on these curved spaces. In Section 4 we recall the (super)integrability properties of the 2D anisotropic oscillator with arbitrary frequencies and also with commensurate ones, and in Section 5 the explicit construction of the H κ Hamiltonian defining its curved analogue will be presented. Section 6 will be devoted to recall the three integrable versions of the well-known (non-integrable) Hénon-Heiles Hamiltonian. In Section 7 the construction of the curved version on S 2 and H 2 of an integrable Hénon-Heiles system related to the KdV hierarchy will be constructed, thus exemplifying the usefulness of the approach here presented for the obtention of new integrable systems on curved spaces. Furthermore, the full RamaniDorizzi-Grammaticos series of integrable polynomial potentials will also be generalized to the curved case. Finally, a Section including some remarks and open problems under investigation closes the paper.
Geodesic dynamics on the sphere and the hyperboloid
Let us consider the one-parametric family of 3D real Lie algebras so κ (3) = span{J 01 , J 02 , J 12 } with commutation relations given by (in the sequel we follow the curvature-dependent formalism as presented in [31, 32] ):
where κ is a real parameter. The Casimir invariant, coming from the Killing-Cartan form, reads
The family so κ (3) comprises three specific Lie algebras: so(3) for κ > 0, so(2, 1) sl 2 (R) for κ < 0, and iso(2) ≡ e(2) = so(2) ⊕ S R 2 for κ = 0. Note that the value of κ can be reduced to {+1, 0, −1} through a rescaling of the Lie algebra generators; therefore setting κ = 0 in (2) can be shown to be equivalent to applying an Inönü-Wigner contraction [33] . The involutive automorphism defined by
generates a Z 2 -grading of so κ (3) in such a manner that κ is a graded contraction parameter [34] , and Θ gives rise to the following Cartan decomposition of the Lie algebra:
We denote SO κ (3) and H the Lie groups with Lie algebras so κ (3) and h, respectively, and we consider the 2D symmetrical homogeneous space defined by
This coset space has constant Gaussian curvature equal to κ and is endowed with a metric having positive definite signature. The generator J 12 leaves a point O invariant, the origin, so generating rotations around O, while J 01 and J 02 generate translations which move O along two basic orthogonal geodesics l 1 and l 2 . Therefore S 2 κ (4) covers the three classical 2D Riemannian spaces of constant curvature:
We recall that these three spaces (and their motion groups SO κ (3)) are contained within the family of the so-called 2D orthogonal Cayley-Klein geometries [6, 35, 36] , which are parametrized in terms of two graded contraction parameters κ ≡ κ 1 and κ 2 [34] .
In what follows we describe the metric structure and the geodesic motion on the above spaces in terms of several sets of coordinates that will be used throughout the paper. We stress that all the resulting expressions will have always a smooth and well-defined flat limit (contraction) κ → 0 reducing to the corresponding Euclidean ones.
Ambient space coordinates
The vector representation of so κ (3) is provided by the following faithful matrix representation
which satisfies ρ(J ij )
The matrix exponentiation of (5) leads to the following one-parametric subgroups of SO κ (3):
where we have introduced the κ-dependent cosine and sine functions [6, 8] 
The κ-tangent function is defined as
These curvature-dependent trigonometric functions coincide with the circular and hyperbolic ones for κ = ±1, while under the contraction κ = 0 they reduce to the parabolic functions: C 0 (x) = 1 and S 0 (x) = T 0 (x) = x. Some trigonometric relations read [8] 
and their derivatives are given by [9] 
Therefore, under the matrix realization (7), the Lie group SO κ (3) becomes a group of isometries of the bilinear form I κ (6),
acting on a 3D linear ambient space R 3 = (x 0 , x 1 , x 2 ) through matrix multiplication. The subgroup e γρ(J 12 ) (7) is the isotropy subgroup of the point O = (1, 0, 0), which is taken as the origin in the homogeneous space S 2 κ (4). The orbit of O is contained in the "κ-sphere" determined by I κ (6):
The connected component of Σ κ is identified with the space S 2 κ and the action of SO κ (3) is transitive on it. The coordinates (x 0 , x 1 , x 2 ), satisfying the constraint (8) are called ambient space or Weierstrass coordinates. Notice that for κ > 0 we recover the sphere, if κ < 0 we find the two-sheeted hyperboloid, and in the flat case with κ = 0 we get two Euclidean planes x 0 = ±1 with Cartesian coordinates (x 1 , x 2 ). Since O = (1, 0, 0), we identify the hyperbolic space H 2 with the connected component corresponding to the sheet of the hyperboloid with x 0 ≥ 1, and the Euclidean space E 2 with the plane x 0 = +1.
The metric on S 2 κ comes from the flat ambient metric in R 3 divided by the curvature κ and restricted to Σ κ :
Isometry vector fields in ambient coordinates for so κ (3), fulfilling (2) , are directly obtained from the vector representation (5):
where ∂ µ = ∂/∂x µ (µ = 0, 1, 2). Now we consider the ambient momenta π µ conjugate to x µ fulfilling the canonical Poisson bracket {x µ , π ν } = δ µν subjected to the constraint (8) . The vector fields (10) give rise to a symplectic realization of so κ (3) in terms of ambient variables by setting ∂ µ → −π µ :
which close the Poisson brackets defining the Lie-Poisson algebra so κ (3)
The metric (9) provides the free Lagrangian L κ with ambient velocitiesẋ µ for a particle with unit mass, so determining geodesic motion on S 2 κ :
Thus the corresponding momenta π µ = ∂L κ /∂ẋ µ read
The time derivative of the constraint (8) provides the relation
Finally, by introducing (13) in (12) we obtain that the kinetic energy T κ in ambient variables is given by
Notice that the contraction κ = 0 is well-defined in the r.h.s. of the equations (9), (12) and (14) yielding the Euclidean expresions (ds)
Geodesic parallel and polar coordinates
The ambient coordinates (8) can also be parametrized in terms of two intrinsic variables of geodesic type. For our purposes let us consider the so-called geodesic parallel (x, y) and geodesic polar (r, φ) coordinates of a point Q = (x 0 , x 1 , x 2 ) ∈ S 2 κ [7, 9] , which are defined through the following action of the one-parametric subgroups (7) on the origin O = (1, 0, 0):
which gives
In this construction, the variable r is the distance between the origin O and the point Q measured along the geodesic l that joins both points, while φ is the angle of l with respect to a base geodesic l 1 (associated with the translation generator J 01 ). Let Q 1 be the intersection point of l 1 with its orthogonal geodesic l 2 through Q. Then x is the geodesic distance between O and Q 1 measured along l 1 and y is the geodesic distance between Q 1 and Q measured along l 2 . On E 2 with κ = 0, the relations (15) lead to x 0 = 1 and (x 1 , x 2 ) = (x, y) = (r cos φ, r sin φ) so reducing to Cartesian and polar coordinates. These coordinates are shown Figure 1 for S 2 and H 2 . In these pictures, l 2 is the base geodesic orthogonal to l 1 through O, so related to J 02 , and Q 2 is the intersection point of l 2 with its orthogonal geodesic l 1 through Q.
We substitute (15) in the ambient metric (9) and in the free Lagrangian (12) , finding that
Now, we denote (p x , p y ) and (p r , p φ ) the conjugate momenta of the coordinates (x, y) and (r, φ), respectively, and the free Hamiltonian (kinetic energy) turns out to be
According to (15) and avoiding singularities in (16), we find that the domain of the geodesic coordinates on S 2 and H 2 reads (always φ ∈ [0, 2π)) 
Beltrami coordinates and projective dynamics
The quotients ( 
giving rise to the expressions
Thus the origin O = (1, 0, 0) ∈ Σ κ goes to the origin (q 1 , q 2 ) = (0, 0) in the projective space S 2 κ . The domain of (q 1 , q 2 ) depends on the value of the curvature κ. We write κ in terms of the radius R of the space as κ = ±1/R 2 and we find that in the sphere S 2 with κ = 1/R 2 > 0, q i ∈ (−∞, +∞). The points in the equator in Σ κ with x 0 = 0 (x 2 1 + x 2 2 = R 2 ) go to infinity, so that the projection (18) is well-defined for the hemisphere with x 0 > 0. In the hyperbolic or Lobachevski space H 2 with κ = −1/R 2 < 0 and x 0 ≥ 1 it is satisfied that
which is the Poincaré disk in Beltrami coordinates and
The points at the infinity in H 2 (x 0 → ∞) are mapped onto to the circle q 2 1 + q 2 2 = R 2 . Finally, in the Euclidean plane E 2 , with κ = 0 (R → ∞), the Beltrami coordinates are just the Cartesian ones x i = q i ∈ (−∞, +∞).
By introducing (18) in the ambient metric (9) and in the free Lagrangian (12) we obtain that (ds)
where q = (q 1 , q 2 ) and hereafter we shall use the following notation for any 2-vectors a = (a 1 , a 2 ) and
The Beltrami momenta p = (p 1 , p 2 ) conjugate to the coordinates q, such that
And by inserting these expressions into L κ (19) we get the free Hamiltonian
By introducing (18) and (20) in (13) we obtain the ambient momenta written in terms of the Beltrami variables, π µ (q, p), and from this result a symplectic realization of the LiePoisson generators (11) in these variables is directly found. These expressions are displayed in Table 1 . Notice that the kinetic energy (21) can also be recovered by computing the symplectic realization of the Casimir (3) of so κ (3) in Beltrami variables as T κ ≡ and E 2 correspond to set κ > 0, κ < 0 and κ = 0, respectively Beltrami (q, p)
Geodesic parallel (x, y, p
Anisotropic oscillators on the Euclidean plane
To start with, let us consider the Hamiltonian determining the anisotropic oscillator with unit mass and frequencies ω x and ω y on the Euclidean plane in Cartesian coordinates (x, y) ∈ R 2 and conjugate momenta (p x , p y ):
Clearly, this Hamiltonian is always integrable due to its separability in Cartesian coordinates so that it Poisson-commutes with the (quadratic in the momenta) integrals of motion
which are not independent since
Furthermore, it is also well-known that for commensurate frequencies ω x : ω y the Hamiltonian (22) provides a superintegrable system [38, 39, 40] , in such a manner that an "additional" (in general higher-order in the momenta) integral of motion does exist. The (super)integrability properties of the commensurate oscillator will be sketched by following the approach given in [41, 42] , which is based on a classical factorization formalism (see [43, 44, 45, 46, 47] and references therein). If we denote
then H (22) can be written in terms of the parameter γ and frequency ω as
Next we introduce new canonical variables
giving rise to
Therefore we obtain two 1D Hamiltonians H ξ and H y given by
which are two integrals of the motion for H. The 1D Hamiltonian H ξ (27) can then be factorized in terms of "ladder functions" B ± as
fulfilling
The remaining 1D Hamiltonian H y (27) can also be factorized through "shift functions" A ± in the form
so that
Notice that the sets of functions (H ξ , B ± , 1) and (H y , A ± , 1) span a Poisson-Lie algebra isomorphic to the harmonic oscillator Lie algebra h 4 . Hence, the 2D Hamiltonian (26) can finally be expressed in terms of the above ladder and shift functions as
The remarkable fact now is that if we consider a rational value for γ,
we obtain two additional complex constants of the motion X ± for H (26)
which are of (m+n)th-order in the momenta. Real-valued integrals of the motion can be defined through the expressions
The final result can be summarized as follows [41, 42 ].
1. The Hamiltonian H (26) is always integrable for any value of the real parameter γ, since it is endowed with a quadratic constant of the motion given by either H ξ or H y (27) .
It is worth recalling that the Hamiltonian (22) can be enlarged by adding two Rosochatius (or Smorodinski-Winternitz) terms as
where λ 1 and λ 2 are real parameters, which provide centrifugal barriers when both constants are positive ones. In the 3D case, the resulting Hamiltonian, called "caged anisotropic oscillator", has been solved in [48] (for both classical and quantum systems), and the general N D case has been fully studied in [40] . Despite the introduction of the λ i -potentials, the Hamiltonian (33) is again (maximally) superintegrable for commensurate frequencies (in any dimension). We also remark that any m : n oscillator (labelled by γ) is equivalent to the n : m one (with 1/γ) via the interchanges x ↔ y and γω ↔ ω. Consequently, according to the above statement the only anisotropic oscillators which are quadratically superintegrable correspond to the cases with γ = 1 and γ = 2 (so also γ = 1/2), in agreement with the classifications on superintegrable Euclidean systems given in [7, 49, 50] . In the sequel, we will illustrate the previous general results by working out these two particular cases.
The
γ = 1 or 1:1
(isotropic) oscillator
We set m = n = 1 so that the relations (23) and (25) simply give ω x = ω y = ω and ξ = x and p ξ = p x . Thus we recover the isotropic oscillator
and the constants of the motion (32) reduce to
Since (m + n) = 2 is even, we find a quadratic integral X, which is one of the components of the Demkov-Fradkin tensor [51, 52] , and a first-order one Y which is proportional to the angular momentum
We recall that if we add the two "centrifugal" λ i -terms (33), then we get the 2D version of the so-called Smorodinsky-Winternitz system [53] which has been widely studied (see, e.g., [12, 15, 50, 54, 55, 56] and references therein).
The γ = 2 or 2:1 oscillator
If we take m = 2 and n = 1, then ω x = 2ω y = 2ω, ξ = 2x and p ξ = p x /2. The Hamiltonian (26) and the integrals (32) turn out to be
In this case (m + n) = 3 is odd, so that we find a cubic integral Y and a quadratic one X, which involves the angular momentum J (36); the latter is the integral of the motion which is usually considered in the literature (see e.g. [7, 57] ) and shows that the 2:1 oscillator can be regarded as a superintegrable system with quadratic constants of the motion.
Notice that if we add a single Rosochatius-Winternitz potential λ 2 /y 2 (by setting λ 1 = 0) the generalized system remains quadratically superintegrable [7] , but if both λ i -terms are introduced, the additional integral turns out to be of sixth-order in the momenta [40] .
Anisotropic oscillators on S
2 and H 2 Let us recall that the classification of all possible superintegrable systems on S 2 and H 2 with quadratic integrals of the motion was performed in [7] , where two curved superintegrable oscillator potentials were found:
• The isotropic Higgs oscillator [58] , whose Euclidean limit is the 1:1 isotropic oscillator (34).
• The curved version of the superintegrable Euclidean 2:1 oscillator (37).
The aim of this Section is to present the construction of the constant-curvature Hamiltonian analogue H κ of the anisotropic Euclidean Hamiltonian H (24) with arbitrary commensurate frequencies. The idea is to introduce appropriately the curvature parameter κ by requiring to keep the same (super)integrability properties as given in the previous Section for (24) (or (26) ) and, simultaneously, allowing for a smooth and well-defined flat limit κ → 0 of the curved Hamiltonian and its constants of the motion.
This result has been achieved in [41] by using the geodesic parallel variables described in Section 2.2, so with kinetic term T κ given by (16) . Explicitly, the curved Hamiltonian H κ has been shown to be of the form
By taking into account (17) and the presence of the κ-tangent T κ (γx) in the potential U γ κ , we find that the domain of the geodesic parallel coordinates (x, y) is restricted to
Now we assume that κ = 0 and since 1 + κ T 2 κ (u) = 1/ C 2 κ (u) we rewrite the Hamiltonian H κ (38) as
Next we introduce the canonical variables (ξ, p ξ ) (25) finding that
And the curved Hamiltonian (39) is finally expressed as
where H ξ κ is a constant of the motion. Notice that in this form, the 1D Hamiltonians H ξ κ and H κ correspond to Pöschl-Teller systems [44] . Consequently, H κ determines an integrable system for any value of ω and γ.
In the sequel, we factorize the 1D Hamiltonians H ξ κ and H κ (40) (see [42, 41, 44] for details). By one hand, the Hamiltonian H ξ κ is factorized in terms of ladder functions as
where E κ is a constant of the motion defined by
Thus we get the Poisson algebra
On the other hand, H κ is factorized by means of shift functions in the form
closing on the Poisson algebra
As in the Euclidean case, when γ takes a rational value (30), two additional complex integrals of motion arise for H κ (38) (under the change of variable (25)), namely
Nevertheless, in order to obtain real constants of the motion, X κ and Y κ , we are now led to distinguish between two situations [47] (due to the presence of powers of E κ (42) in (44)):
When m + n is even:
Summing up, the generalization to S 2 and H 2 of the anisotropic oscillator can be stated as follows [41] . 3. The integrals X κ and Y κ are polynomial in the momenta, whose degrees are (m + n) and (m + n − 1) when (m + n) is even, and (m + n − 1) and (m + n) when (m + n) is odd, respectively.
Some remarks are in order. Firstly, although the (flat) Euclidean limit κ → 0 is precluded for H κ written in the forms (39) and (40), it is actually well-defined in all the remaining expressions. To perform the contractions one has to take into account the following flat limit of the integrals H ξ κ (40) and E κ (42)
Therefore, it can be easily checked that when κ → 0, the curved Hamiltonian H κ (38) reduce to H (24), the curved ladder functions B ± κ (41) to B ± (28), the curved shift functions A ± κ (43) to A ± (29), and so the curved integrals X ± κ (44) to X ± (31). Secondly, as in the Euclidean system (33), the curved Hamiltonian H κ (38) can be generalized by adding two curved Rosochatius-Winternitz potentials which in ambient coordinates (15) adopt a very simple expression [12, 15] . Explicitly, the corresponding potential reads
Then the corresponding Hamiltonian H κ,λ = T κ + U γ κ,λ can be written as (with κ = 0)
to be compared with (39) . Consequently, H κ,λ defines an integrable system for any value of ω, γ, λ 1 and λ 2 . Now it could be expected that if γ is a rational number, H κ,λ should be again superintegrable but, to the best of our knowledge, this property has not been proven in general (except for γ = 1). We also point out that each λ i -term gives rise to a centrifugal barrier on H 2 when λ i > 0, as in the Euclidean system but, surprisingly enough, both λ 1 -and λ 2 -potentials can be interpreted as noncentral 1D curved oscillators on S 2 with centres at the points O 1 = (0, 1, 0) and O 2 = (0, 0, 1), respectively [10, 11, 12, 13, 31, 59 ] (see Figure 1) .
Thirdly, it can be seen from H κ (38) that, in general, U γ κ and U 1/γ κ determine two different systems, in contradistinction with the Euclidean case (recall that the equivalence was provided by the interchanges x ↔ y and γω ↔ ω). However when κ = 0 both potentials reduce to equivalent Euclidean potentials. This clearly illustrates the fact that given a flat Hamiltonian system there could be not a single but several curved generalizations (or curvature integrable deformations) which would be non-equivalent in the sense that no canonical change of variables exist between them.
Fourthly, according to the results previously presented, the only anisotropic curved oscillators which are quadratically superintegrable correspond to the same values of γ as in the Euclidean system [7, 60, 61] : γ = 1, γ = 2 and (now the non-equivalent) γ = 1/2. In what follows we shall present the corresponding results for the these three cases.
And finally, we recall that other integrable anisotropic oscillators on the spheres and hyperbolic spaces can be found in [62, 63, 64, 65] (see also references therein).
The γ = 1 or 1:1 curved (isotropic) oscillator
This case is also known as the Higgs oscillator [58, 66] and it has been widely studied in the literature (see [7, 16, 31, 67, 68, 69, 70] and references therein).
We set γ = m = n = 1 so that ξ = x and p ξ = p x . The Hamiltonian H κ (38) reduces to
where the quadratic integral
Since (m + n) = 2 is even the constants of the motion (45) read
The integral Y κ is proportional to the (curved) angular momentum J κ which in geodesic parallel and polar variables is given by [7, 9] 
The flat limit κ → 0 of all the above expressions leads to the results of the Euclidean isotropic oscillator given in Section 4.1. In particular, provided that E κ → ω (46), the integrals X κ , E κ Y κ and the curved angular momentum J κ reduce to (35) and (36) . Notice that the potential of H 1:1 κ is expressed in terms of ambient and geodesic polar coordinates (15) as
If we consider the two λ i -potentials (47), we recover the curved Smorodinsky-Winternitz system
which is known to be quadratically superintegrable [7, 12, 13, 15, 31, 71] .
The γ = 2 or 2:1 curved oscillator
We set γ = m = 2 and n = 1 so that ξ = 2x and p ξ = p x /2. The Hamiltonian H κ (38) reads
where
. Now (m + n) = 3 is odd so that the constants of the motion (45) turn out to be
that is X κ is quadratic in the momenta, while Y κ is cubic; this means that H 2:1 κ is a quadratically superintegrable system. The limit κ → 0 (46) gives E κ → ω/2, hence the Hamiltonian H 2:1 κ and the integrals E κ X κ and Y κ reduce to (37) , thus reproducing the results of Section 4.2.
In terms of ambient and geodesic polar coordinates (15), the potential of H 2:1 κ adopts the (cumbersome) expressions
the latter is the one formerly introduced in [7] . In this case it is only possible to add a single λ i -potential (47) keeping the quadratic superintegrability of the system [7] 
, which has been studied in detail in [31, 32] . In this respect, we remark that an equivalent superintegrable system can be obtained by interchanging the ambient coordinates x 1 ↔ x 2 (so the role of the geodesics l 1 ↔ l 2 in Section 2.2) which means that the geodesic parallel coordinates are mapped as (x, y) → (y , x ), that is,
In fact, the coordinates (x , y ) are just the so-called geodesic parallel coordinates of type II [9] . These transformations provide the equivalent system
This is exactly the expression for the 2:1 curved oscillator considered in [31, 32] . 
The

:1 curved oscillator
We set γ = 1/2, m = 1 and n = 2, so that ξ = x/2, p ξ = 2p x . Thus the Hamiltonian H κ (38) is
. The sum (m + n) = 3 is again odd, and the additional integrals (45) read
which shows that H :1 κ are considered altogether, one finds a particular issue where the curvature-deformation approach gives rise to two non-equivalent systems starting from the common "seed" given by the Euclidean system H 2:1 H given Euclidean system becomes evident, and a deeper analysis of the curved system H 1 2 :1 κ seems to be needed, since -to the best of our knowledge-it has not been appropriately considered in the literature so far.
Integrable Hénon-Heiles systems
By making use of the results described in the previous Sections, our aim now will be to present the generalization to the 2D sphere and the hyperbolic space of the integrable Hénon-Heiles Hamiltonian given by
where Ω and α are real constants. Such curved Hénon-Heiles Hamiltonian will be constructed by considering it as an integrable cubic perturbation of the 1:2 anisotropic oscillator that we have introduced in the previous Section 5.2, in the form (48), although in this case projective Beltrami coordinates of Section 3 will be the ones that are naturally adapted to the construction of the curved system. We recall that the original (non-integrable) Hénon-Heiles system
was introduced in [72] in order to model a Newtonian axially-symmetric galactic system. When the following generalization containing adjustable parameters was studied
it was found that the only Liouville-integrable members of this family of generalized Hénon-Heiles Hamiltonians were given by three specific choices of the real parameters Ω 1 , Ω 2 , α and β (see [73, 74, 75, 76, 77, 78, 79, 80, 81, 82, 83, 84, 85] ):
• The Sawada-Kotera system, given by β = 1/3 and Ω 1 = Ω 2 = Ω:
This system is separable in rotated Euclidean coordinates, and therefore its integral of the motion is quadratic in the momenta.
• The Korteweg-de Vries (KdV) system, with β = 2 and (Ω 1 , Ω 2 ) arbitrary parameters:
which is separable in parabolic coordinates and has also a quadratic integral of the motion.
• The Kaup-Kuperschdmit system, with β = 16/3 and Ω 2 = 16Ω 1 = 16Ω:
whose integral is quartic in the momenta.
Hence the particular KdV case (51) arising when Ω 2 = 4Ω 1 gives the Hamiltonian (49) and this is connected to the so-called Ramani-Dorizzi-Grammaticos (RDG) series of integrable potentials [86, 87] , which are just the polynomial potentials on the Euclidean plane that can be separated in parabolic coordinates and can freely be superposed by preserving integrability [78, 88] . Moreover, such separability in parabolic coordinates explains why a large collection of integrable rational perturbations can be added to the RDG potentials (see [88, 89, 90, 91, 92] and references therein).
In the sequel we review the main results concerning the flat KdV Hénon-Heiles Hamiltonian (51) with Ω 2 = 4Ω 1 along with its associated RDG potentials. And in the next Section 7 we will sketch its integrable curved analogue on the 2D sphere S 2 and the hyperbolic (or Lobachevski) space H 2 which was constructed in [93] , together with the full curved counterpart of the integrable RDG series of potentials. The corresponding integrable perturbations of the curved KdV system can be found in [85] .
An integrable KdV Hénon-Heiles system on the Euclidean plane
Le us consider the integrable (albeit non-superintegrable) Hamiltonian system (49) defined on E 2 whose constant of motion is quadratic in the momenta and given by
This system can be regarded as an integrable cubic perturbation of the 1:2 oscillator with frequencies (ω, 2ω) once the identification ω 2 = 2Ω is performed (see Section 4.2). The potential functions included in both the Hamiltonian (49) and its invariant (53) are directly connected to the so-called RDG series of integrable potentials, which consists of the homogeneous polynomial potentials of degree n given by [86, 87] 
Namely, the four members of this family read It is straightforward to realize that the quadratic and cubic potentials in the Hamiltonian (49) are just the second-and the third-order RDG potentials V 2 and V 3 , respectively. Moreover, the integral I (53) contains the linear V 1 and the quadratic V 2 RDG potentials. Therefore, the integrable system (49) is constructed through the building block functions V 1 , V 2 and V 3 .
In fact, it can be straightforwardly proven that a Hamiltonian H n containing the RDG potential V n , namely,
is always Liouville integrable, with integral of the motion L n involving the V n−1 potential in the form
Note that formula (54) holds provided that the 0-th order RDG potential is defined as the constant V 0 := 1, and the first integrable Hamiltonian system within the RDG series reads
Furthermore, all RDG potentials can freely be superposed by preserving integrability [87, 91, 92] . More explicitly, the Hamiltonian
where M = 1, 2, . . . and α n are arbitrary real constants, has the following integral of the motion
Therefore, the KdV Hénon-Heiles Hamiltonian H (49) and its integral I (53) can be thought of as the Hamiltonian H (M ) (55) and the integral L (M ) (56) by setting
since in that case we obtain that
As we will see in the sequel, this integrability structure associated to the RDG potentials can be fully generalized after introducing the integrable deformation generated by the curvature parameter.
7 An integrable KdV Hénon-Heiles system on S 2 and H
2
The curved counterpart of the KdV Hénon-Heiles system (49) was constructed in [93] by making use of the approach we advocate in this paper, which can be summarized as follows. Given an integrable Euclidean Hénon-Heiles system
an integrable generalization of this system to S 2 and H 2 of the form
is constructed through the following steps:
1. Use the projective coordinates presented in Section 3 in order to describe the free motion on S 2 and H 2 (so such kinetic energy term T κ is known and given by (21)).
2. Take the integrable curved anisotropic 1:2 oscillator and its integral of the motion given in Section 5.2 in the form (48) as the initial data in order to construct the cuved family of RDG potentials.
3. Construct the full family of integrable curved RDG potentials on S 2 and H 2 (that we shall denote as V κ,n ) through a recurrence procedure.
4. Show that the curved RDG potentials can be superposed by preserving integrability.
5. Obtain the curved 1:2 KdV Hénon-Heiles system as the particular case (58) of the latter curved RDG system.
Two important comments concerning this approach have to be pointed out: firstly, that projective coordinates will be the suitable ones in order to construct the curved RDG potentials and, secondly, that the integrability properties of V κ,2 will be our "initial conditions" that will guide the construction of the full integrability structure.
By following this procedure (see [93] for details), the RDG potentials on the sphere S 2 and the hyperbolic space H 2 can be defined in terms of projective Beltrami coordinates (q 1 , q 2 ) as
with n = 1, 2, . . . . It is straightforward to prove that each curved RDG Hamiltonian
is integrable, with integral of motion L κ,n being quadratic in the momenta and given by
where T κ is the kinetic energy (21) and J 01 , J 12 are the functions given in Table 1 in Beltrami variables. We stress that in order to get a suitable recurrence relation, the 0-term V κ,0 in the curved RGD series of potentials is by no means a constant and it has to be defined as the function
Note that the quadratic curved RDG Hamiltonian, H κ,2 = T κ + α 2 V κ,2 , is just the superintegrable curved 1:2 oscillator (48), formerly introduced in [7] and further studied in [31, 32] .
It is convenient to recall that in terms of the ambient coordinates (x 0 , x 1 , x 2 ), subjected to the constraint (8), the first curved RDG potentials turn out to be
, and the general formula for the curved RGD potentials is given by
Obviously, from these expressions these potentials can be written in any other coordinate system. Notice also that V κ,2 is exactly the potential written in (48) due to the relation (8) .
As in the Euclidean case the curved RDG potentials can be superposed and therefore expressions (55) and (56) can be generalized to the curved case [93] . In this way, it can straightforwardly be shown that the Hamiltonian
Poisson-commutes with the function
where J 01 , J 12 and T κ are again given in Table 1 . Finally, the integrable curved counterpart of the Hénon-Heiles KdV Hamiltonian (49) on S 2 and H 2 arises as a straightforward corollary of the previous result as the particular case H κ, (3) and by considering (57) . Explicitly,
and the curved analogue of the Hénon-Heiles KdV potential is so given by .
We stress that, by construction, the κ → 0 limit of all these expressions leads smoothly to their Euclidean counterparts (49) and (53) we started with.
Remarks and open problems
In this contribution we have intended to provide a summary of recent results concerning the construction of new (super)integrable systems on 2D spaces of constant curvature as (super)integrable deformations of the corresponding Euclidean systems, where the Gaussian curvature of the space plays the role of the parameter for an integrable deformation theory. This approach can be developed in different coordinate systems, and we have stressed the fact that projective Beltrami coordinates are computationally very useful from the viewpoint of algebraic integrability, since in these coordinates the curved kinetic energy is just a polynomial in the canonical projective variables and the curved integrable potentials so obtained can be expressed as rational functions. As a summarizing example illustrating this fact we recall that the Higgs oscillator Hamiltonian H 1:1 κ [58, 94] (this is just the 1:1 oscillator on S 2 and H 2 presented in Section 5.1) is expressed, respectively, in terms of ambient, geodesic polar and Beltrami canonical variables as follows: The computational advantages of the projective dynamics approach become evident from these expressions, specially for the search of curved analogues of non-superintegrable systems (like Hénon-Heiles ones) where the lack of additional symmetries implies the need of making use of a purely computational approach. We also recall that in terms of Beltrami coordinates the superintegrable Kepler-Coulomb potential on S 2 and H 2 is given by V KC = k/ q 2 (see [15, 19] ), where again the potential in projective coordinates coincides formally with its corresponding Euclidean expression, and all the dynamical modifications arising from a non-vanishing curvature are concentrated in the kinetic energy term. It should also be stressed that both anisotropic Euclidean oscillators and the integrable Hénon-Heiles Hamiltonian here considered preserve their integrability under the addition of some centrifugal terms, and the curved analogues of these "centrifugally perturbed" Hamiltonians can also be constructed. On the other hand, the wide applicability of the method here presented is currently being used in order to construct the curved analogue of the KdV Hénon-Heiles system (51) for arbitrary Ω 1 and Ω 2 parameters, as well as the curved analogue of the Sawada-Kotera case (50) as an integrable curvature perturbation of the Higgs 1:1 oscillator. Also, the construction of the curved Kaup-Kuperschdmit Hénon-Heiles Hamiltonian (52) should be based on the constant curvature analogue of the superintegrable 1:4 curved oscillator, and is currently under investigation.
Finally, two further generalizations of the approach here presented should be mentioned. The first of them is the construction of integrable curved analogues of Minkowskian (instead of Euclidean) integrable systems, which could be addressed by following the same curvaturedeformation approach, but considering the corresponding relativistic geometries with constant curvature (see [6, 8, 9, 14, 95] and references therein). The second one deals with the construction of integrable systems on spaces with non-constant curvature, which in some cases can also be considered as (quantum) deformations of known (super)integrable systems on the Euclidean space. In these cases, a quite similar approach based on integrable perturbations in terms of a parameter related with the curvature has led to the obtention of new superintegrable oscillator and Kepler-Coulomb potentials on Darboux III and Taub-NUT spaces (see [96, 97, 98, 99, 100, 101, 102, 103, 104, 105] for further details and references on integrability on spaces with non-constant curvature).
